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PREFACE

In  th e  S p rin g  o f  .1970 I  approached  P ro fe s s o r  Knuth about becoming 

h is  a d v is e e .  A dopting a  p rag m a tic  a t t i t u d e ,  I  enum erated  my c r i t e r i a  

f o r  a  t h e s i s  to p ic :  i t s  r e s u l t s  shou ld  be p o t e n t i a l l y  u s e f u l  t o  a

re a so n a b ly  b ro ad  body o f  com puter u s e r s ;  th e  work sh o u ld  be com p ie tab le  

in  a  y e a r  o r  so ; and th e  s u b je c t  shou ld  be c u r r e n t ly  u n d er in v e s t ig a t io n  

e lsew h ere  by p r e f e r a b ly  no o ne . Would he p le a s e  su g g es t a  few? What I  

go t was one, a long  w ith  an  adm on ition  to  th e  e f f e c t  t h a t  good t h e s i s  

to p ic s  a r e  on th e  same endangered  sp e c ie s  l i s t  a s  th e  g o ld e n -e g g -la y in g  

goose.

C h a p te rs  One and T hree p r e s e n t  two r e l a t e d  b u t d i s t i n c t  d a ta  

s t r u c t u r e s ,  one f o r  l i s t s  and  th e  o th e r  f o r  p r i o r i t y  q u eu es . They b o th  

a re  b a se d  on t r i p l y - l i n k e d  b in a ry  t r e e s ;  b u t w h ile  a  p e r f e c t ly  b a lan ced  

t r e e  p r e s e n ts  th e  b e s t  c a se  f o r  l i s t s ,  i t  i s  th e  a b s o lu te  w o rst f o r  

p r i o r i t y  q u e u e s . C hap ter F our c o n ta in s  ALGOL W im p lem en ta tio n s  o f  th e  

a lg o ri th m s  f o r  bo th  d a ta  s t r u c t u r e s ,  p lu s  a  r o u t in e  f o r  d is p la y in g  t r e e s  

on th e  l i n e  p r i n t e r .

C h a p te r  Two i s  p a r t l y  a  t u t o r i a l  on m easures o f  th e  amount o f  e f f o r t  

r e q u ir e d  t o  se a rc h  o r e n la rg e  t r e e s ,  and how many t r e e s  o f  v a r io u s  k in d s  

th e r e  a r e .  Then, u s in g  some new te rm in o lo g y , S e c t io n  2 .5  d is c u s s e s  

l o c a l  s e a rc h -o rd e r -p re s e rv in g  tra n s fo rm a tio n s  and  t h e i r  r e l a t i v e  a b i l i t y  

t o  change th e  shape o f  b in a ry  t r e e s .

A l l  d e f in i t i o n s  have been  c o l le c te d  by c h a p te r ,  a rra n g e d  by t h e i r  

sem an tic  r e l a t i o n s ,  and o f f e r e d  a s  C hap ter Z ero . T h is  approach  presum es 

t h a t  a  th o ro u g h  s tu d y  o f  th e  p a p e r  c o n s is ts  o f  s e v e r a l  p a s se s  th ro u g h  i t ,  

th e  f i r s t  a  f a s t  scan and each  succeed ing  one a  more d e t a i l e d  and c r i t i c a l  

i n v e s t i g a t io n .  The m a te r ia l  h o p e fu lly  flow s more sm oothly w ith o u t th e  

i n t e r r u p t io n s  o f  p a r e n th e t i c a l  d e f in i t i o n s .

Wo s o lu t io n s  fo r  th e  p rob lem s o f  C hap ters One, Two, and T hree have 

been p ro v id e d , n o t even f o r  t h e  odd-numbered o n es . The d i f f i c u l t y  

r a t i n g ,  a  mime o f  Knuth*s s u c c e s s fu l  scheme, lo o s e ly  c l a s s i f i e s  th e  

p ro b lem s: 0 - 25 , th e  s tu d e n t can  v e r i f y  h is  own s o lu t io n ;  26-35 , I

h a v e n 't  w orked th e  problem  m y se lf ; 36 - 50, th e  prob lem  i s  a  s u i ta b le  

te rm  p r o j e c t  o r i s  in c lu d e d  in  l i e u  o f  a  s ta te m e n t t o  th e  e f f e c t ,  "The 

p ro o f  i s  beyond th e  scope o f  t h i s  a u th o r ."

i i i
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My s in c e re  g r a t i tu d e  goes t o  P ro fe s so r  D onald E. Knuth, who 

sav ed  me a  w eek 's  t o  a  y e a r 's  work w ith  each c o n s u l ta t io n ;  t o  

P ro fe s s o r  Edward J .  M cCluskey, who se rv ed  as my co u rse  a d v is e r  f o r  

tw o y e a r s ;  t o  A sso c ia te  P ro fe s s o r  H aro ld  S . S to n e  and  P ro fe s so r  

R o b ert W. F loyd, who com pleted  my re a d in g  com m ittee; t o  P rovost 

W illiam  F . M il le r ,  who gave me my f i r s t  program m ing jo b , a t  SLAG; 

t o  M iss E ile e n  Kennedy a t  Hughes and M rs. P h y l l i s  W inkler a t  S ta n fo rd , 

a b le  s e c r e t a r i e s  who p re p a re d  th e  f i r s t  and f i n a l  d r a f t s ,  r e s p e c t iv e ly ;  

t o  Hughes A ir c r a f t  Company, f o r  supp o rt and g a in f u l  summer em ployment; 

t o  th e  p eo p le  o f  th e  SPIRES/BALLOTS p r o je c t ,  f o r  ex p e rien ce , s t im u la t in g  

c o n ta c ts ,  and su p p o r t;  t o  t h e  F ann ie  and-John H e r tz  F oundation  and  th e  

V e te ran s  A d m in is tra tio n  f o r  su p p o r t; and t o  my w ife ,  V a le r ie ,  who had  

h e r  own homework t o  do in  a d d i t io n  t o  c a r in g  f o r  me and keep ing  up th e  

h o u se .

T h is  e x e rc is e  in  a r b o r i c u l tu r e  i s  d e d ic a te d :

To Don Knuth and a l l  my o th e r  te a c h e r s ,  

f o r  t h e  seeds and t o o l s ;

To HAC, th e  H e r tz  F oundation , SPIRES/BALLOTS, and 

th e  VA, f o r  th e  f e r t i l i z e r ;

And t o  V a le r ie ,  f o r  th e  su n sh in e .

( I  d id  th e  t i l l i n g . )
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Abstract

Any r e p re s e n ta t io n  o f  a  l i s t  in  h ig h  speed  com puter memory i s  a  

compromise among com peting m easures o f  e f f ic ie n c y :  com pactness; speed

o f  th e  d e s ir e d  l i s t  o p e ra t io n s ;  and s im p l ic i ty  o f  a lg o ri th m . Most 

r e p r e s e n ta t io n s  o p tim iz e  t h e  speed  o f  a  few o p e ra t io n s  a t  th e  expense 

o f  o th e r s .  A lin k e d  d a ta  s t r u c t u r e  g iven  h e re , an outgrow th  o f  th e  

b a la n c e d  t r e e s  o f  A d elf s o n -V e is k ii  and L an d is , a llo w s  th e  fo llo w in g  

common l i n e a r  l i s t  o p e ra t io n s  t o  be perform ed in  w o rs t-c a s e  tim e s  w hich 

grow o n ly  as  th e  lo g a ri th m  o f  l i s t  s iz e :  i n s e r t i o n ,  r e t r i e v a l ,  and

d e le t io n  o f  an item  by p o s i t i o n  in  th e  l i s t  o r  by  key v a lu e ; c o n c a te n a tio n  

o f  two l i s t s ;  s p l i t t i n g  a  l i s t  in  two a t  a  c e r t a i n  p o s i t io n  o r  a f t e r  a  

c e r t a i n  key v a lu e ; and f in d in g  th e  p re d e c e sso r  o r  su c c e s so r  o f  a  g iv en  

ite m . The c o n s tru c t io n ,  t r a v e r s a l ,  copying , and m erger o p e ra tio n s  

r e q u i r e  tim e s  which grow l i n e a r l y  w ith  l i s t  s i z e .  The lo g a rith m ic  

bounds r e s u l t  from making l o c a l  changes, when n e c e s s a ry , t o  a s s u re  t h a t  

no two s ib l i n g  s u b tre e s  d i f f e r  in  h e ig h t by more th a n  one l e v e l .  I tem s 

may b e  e i t h e r  atoms o r l i s t s .

L oca l t r a n s fo rm a tio n s  w hich in v o lv e  o n ly  tw o p i v o t a l  nodes s u f f i c e  

t o  change any b in a ry  t r e e  o f  n nodes in to  any o th e r  in  no more th a n  

2n-2  s te p s .  T ran sfo rm a tio n s  o f  no more th a n  f iv e  p iv o t a l  nodes s u f f i c e  

t o  change th e  b a lan ce  o f  a  node in  a  b a lan ced  t r e e  from p o s i t iv e  to  

n o n -p o s iu iv e  w h ile  p re s e rv in g  t r e e  b a la n c e .

A (non-p reem ptive) p r i o r i t y  queue obeys a  b e s t - i n - f i r s t - o u t  d i s c i p l i n e .  

S tac k s  and sim ple queues a r e  s p e c ia l  c a ses  o f  a  p r i o r i t y  queue. By 

re p r e s e n t in g  p r i o r i t y  queues as  lin k e d  b in a ry  t r e e s  which impose o n ly  

a  p a r t i a l  o rd e r in g  on th e  ite m s , th e  item  w ith  th e  e a r l i e s t  p r i o r i t y  in  

each  s u b tre e  ap p ea rin g  a t  t h e  ro o t  o f  th e  s u b tr e e ,  i t  i s  p o s s ib le  t o  

e x p lo i t  th e  r e s t r i c t i o n  t h a t  o n ly  th e  b e s t  item  need  be a c c e s s ib le .  

M a in ta in in g  in  each node a  f i e l d  which in d ic a te s  t h e  d is ta n c e  t o  th e  

n e a r e s t  empty s u b tre e  p ro v id e s  th e  b a s is  f o r  a lg o ri th m s  which r e q u i r e  

w o rs t-c a s e  tim es  w hich grow a s  th e  lo g a rith m  o f  p r i o r i t y  queue s iz e  f o r  

th e  fo llo w in g  o p e ra t io n s :  enqueuing an item  by i t s  p r i o r i t y ;  th e  m erger

o f  two queues; removing th e  n e x t item  from a  q ueue; and p u rg in g  a  g iv en  

a r b i t r a r y  item  from a  queue .
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The pap er p r e s e n ts  d e t a i l e d  n o n -re c u rs iv e  a lg o rith m s  f o r  th e  

l i n e a r  l i s t  and p r i o r i t y  queue o p e ra t io n s ,  b o th  in fo rm a lly  and as  

im plem ented in  ALGOL W. H is to r i c a l  background o f th e  th e o ry  and u se  

o f  b in a ry  t r e e s  f o r  l i s t s  and p r i o r i t y  queues supplem ents th e  p r e s e n t  

c o n tr ib u tio n ..  Numerous e x e rc is e s ,  r a te d  by d i f f i c u l t y ,  confirm  th e  

r e a d e r 's  g rasp  o f  th e  m a te r ia l  and su g g es t a re a s  f o r  f u r th e r  r e s e a r c h .

Key words and p h ra s e s :

ba lan ced  t r e e  
b in a ry  t r e e
c o n te n t-a d d re s s a b le  memory
d a ta  s t r u c tu r e
heap
l i n e a r  l i s t
l i s t  p ro c e s s in g
p r i o r i t y  queue
queue
se a rc h in g
s o r t in g
s ta c k
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68 L ine 8 . The " t  shou ld  appear c e n te re d  t o  th e  r ig h t  o f  th e
summation s ig h ,  n o t as  a s u p e r s c r ip t .
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C hap ter Zero 

CONTEXTUAL GLOSSARY

I t  i s  co n v en ien t f o r  r e fe re n c e  and rev ie w  pu rp o ses  t o  assem ble  a l l  

th e  s p e c ia l  v o c a b u la ry  u sed  in  t h i s  p a p e r .  A lthough th e  r e a d e r  need  

n o t d w ell on t h i s  c h a p te r  d u rin g  th e  f i r s t  re a d in g , he sh o u ld  p e ru se  

S e c tio n  0 .0  and s e c t io n s  p e r ta in in g  t o  c h a p te r s  o f  i n t e r e s t  t o  him .

No i l l u s t r a t i o n s  a r e  found h e re ;  th e y  ap p ea r i n  th e  a p p ro p r ia te  

p o s itiv e -n u m b e re d  c h a p te r s  w ith  t h e i r  d e s c r ip t io n s .

T h is  te rm in o lo g y  f o r  t r e e s  has been  s e le c te d  w ith o u t r e g a rd  t o  

r a c e ,  c re e d , sex , ag e , o r  n a t io n a l  o r i g i n ,

0 .0  G enera l Terms

The fo llo w in g  GENERAL TERMS a p p ly  th ro u g h o u t th e  p a p e r .

A node i s  an  e n t i t y  com prised  o f  a f i n i t e  number k > 1 o f  named 

f i e l d s  ( f l , . . . ,  fk )  , each  o f  w hich can  h o ld  a  f ix e d  amount o f  in fo rm a­

t i o n .  A c la s s  i s  a  s e t  o f  nodes w hich have  th e  same f i e l d s  a r ra n g e d  in  

th e  same s p a t i a l  r e l a t io n s h ip ,  i . e . ,  th e  same fo rm a t. A c l a s s  may be 

im plem ented in  such  a  way t h a t  each node o ccu p ie s  a  b lo c k  o f  co n tig u o u s  

memory lo c a t io n s ;  in  t h i s  c a se  a  te m p la te ,  e . g . ,  a  dummy c o n t r o l  s e c t io n ,  

s p e c i f i e s  th e  lo c a t io n s  o f  th e  v a r io u s  f i e l d s  i n  r e l a t i o n  t o  an a d d re s sa b le  

re fe re n c e  p o in t  in  th e  node. A l te r n a t iv e ly ,  each  f i e l d  name o f  a  c l a s s  

may d e f in e  a  b lo c k  o f  co n tig u o u s  c e l l s ,  w ith  an i n t e g r a l  number o f  c e l l s  

form ing  th e  f i e l d  f o r  each node; th e n  th e  k - th  f i e l d  o f  node i  i s  

sim ply  th e  i - t h  elem ent o f  a r r a y  fk  . The c h o ic e  o f  r e p r e s e n ta t io n  

depends on: th e  a d d r e s s a b i l i ty  and o th e r  a c c e ss  c h a r a c t e r i s t i c s  o f  th e

s to ra g e  medium; s to ra g e  and e x ec u tio n  tim e  c o n s t r a i n t s ;  th e  m ethod o f  

s to ra g e  a l lo c a t io n  and d e a l lo c a t io n ;  th e  in s t r u c t io n  s e t  o r  programm ing 

language u sed ; and programmer p r e f e r e n c e .

A node i t s e l f  has no name, and i t s  p h y s ic a l  lo c a t io n  i s  i r r e l e v a n t .

I t  i s  known by i t s  c o n te n ts  o r  by th e  r e l a t io n s h ip s  i t  has w ith  o th e r  

nodes in  th e  d a ta  s t r u c t u r e  in  w hich i t  a p p e a rs .

A p o in te r ,  o r  l i n k ,  i s  a  v a lu e  w hich d e s ig n a te s  (p o in ts  to )  a  

p a r t i c u l a r  node. T o g e th er w ith  knowledge o f  th e  node’ s c l a s s ,  a  p o in te r

1
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t o  a  node s u f f i c e s  t o  in s p e c t  o r  m odify th e  c o n te n ts  o f  any f i e l d  o f  

th e  node. A p o in te r  d e s ig n a t in g  no node, o r an empty s t r u c tu r e ,  eq u a ls  

th e  d is t in g u is h e d  v a lu e  n u l l . P o in te r s  may be c o n s i s t e n t ly  encoded in  

any d e s ir e d  way: as  a b s o lu te  a d d re s s e s ,  a r ra y  s u b s c r ip t  v a lu e s ,

b a se -d isp la c e m e n t p a i r s ,  e t c .  I f  a  p o in te r  v a r ia b le  p  p o in ts  t o  a 

node w hich h as  a  f i e l d  in fo  th e n  t h a t  f i e l d  i s  r e fe re n c e d  by th e  

e x p re s s io n  " in fo (p )  " .  In  t h i s  p a p e r  th e  name o f  a  p o in t e r  v a r ia b le  

may v a r io u s ly  r e f e r  t o  i t s  v a lu e  (a s  i n  com parisons f o r  e q u a l i ty ) ,  

a  node t o  w hich i t  p o in t s ,  o r  t o  t h e  e n t i r e  d a ta  s t r u c t u r e  em anating 

from  th e  node t o  w hich i t  p o in t s .  The meaning in  each  in s ta n c e  shou ld  

be c l e a r  from  th e  c o n te x t .  A l in k e d  d a ta  s t r u c tu r e  i s  empty, o r i s  a 

non-em pty f i n i t e  c o l l e c t io n  o f  nodes connec ted  by a p p ro p r ia te  l i n k  

f i e l d s  i n  t h e  n o d es , such t h a t  from  some node i n  t h e  c o l l e c t io n  th e r e  

a r e  l in k -n o d e  sequences le a d in g  t o  a l l  o th e r  nodes i n  th e  c o l le c t io n .

In  o th e r  w ords, i f  a  node can n o t b e  a c c e sse d  i t  does n o t b e long  t o  th e  

d a ta  s t r u c t u r e .

A b in a ry  s u b tre e ,  o r s u b tr e e ,  i s  a  l in k e d  d a ta  s t r u c t u r e  which i s  

empty, o r  c o n s i s t s  o f  a  s u b tre e  node p  c a l le d  th e  r o o t  and two d i s j o i n t  

s u b tre e s  l in k e d  t o  p  by l i n k  f i e l d s  l e f t ( p )  and r i g h t (p) . I f  p 

has a  non-em pty s u b tre e  th e n  p  i s  n o n - te rm in a l; o th e rw ise  p  i s  

t e r m in a l . L e t q = l e f t ( p )  and r  = r ig h t ( p )  be non-em pty . The 

in te g e r  f i e l d  s id e  i s  d e f in e d  f o r  s u b tre e  nodes by s id e (q )  = -1  and

s id e ( r )  = +1 . I f  p  i s  p a r t  o f  no o th e r  s u b tre e  th e n  s id e (p )  = .0 ,

p  i s  c a l l e d  th e  p r in c i p a l  r o o t , and i s  th e  ro o t  o f  t h e  p r in c ip a l  s u b t r e e . 

Nodes q and r  a r e  s ib l i n g s ,  t h e  c h i ld r e n  o f  p ; p  i s  t h e i r  p a r e n t . 

The ro o t  o f  a  s u b tre e  i s  an a n c e s to r  o f  a l l  o th e r  nodes i n  th e  s u b tre e ;  

a  node i s  a  d e scen d an t o f  i t s  a n c e s to r s .  L ink f i e l d  u £  i s  d e f in e d  f o r  

s u b tr e e  nodes by u p (q ) = u p ( r )  = p  . N ote t h a t  up  and s id e  c a r r y  

red u n d an t in fo rm a tio n  about a  s u b t r e e .

A b in a ry  t r e e ,  o r  t r e e ,  c o n s i s t s  o f  a  d is t in g u is h e d  node t  c a l l e d  

th e  h e a d e r, and a  p r in c i p a l  s u b tr e e  p  l in k e d  t o  t  by l i n k  f i e l d  

u p ( t )  . F ie ld s  r i g h t ( t )  and le f f c ( t )  a re  n o t d e f in e d . I f  p i s  

non-em pty th e n  u p (p ) = t  . H e r e a f te r ,  s u b tre e  nodes w i l l  be sim ply 

c a l l e d  nodes, and h eader nodes w i l l  be c a l le d  h e a d e rs ;  p h ra se s  such as  

"number o f  n o d es’* w i l l  im p l i c i t l y  ex c lu d e  h e a d e rs . The h ead e r i s  th e

a n c e s to r  o f  a l l  nodes in  th e  t r e e  and th e  descendan t o f  none.

2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

 
 
 
 

 
 
 

PREVIE
W



i

A b in a ry  t r e e  i s  d e p ic te d  w ith  th e  h eader a t  t h e  to p ,  th e  p r in c i p a l  

r o o t  im m ediately  below i t ,  e t c .  Hence, h ig h e r  means n e a re r  t o  th e  

h e a d e r ;  down and low er mean tow ard  a  te rm in a l  node. The h e ig h t h o f  

a  s u b tr e e  p i s  0 i f  p  i s  empty; o th e rw ise ,

h (p )  = 1 + m a x ( h ( l e f t ( p ) ) ,h ( r i g h t ( p ) ) )  . The h e ig h t o f  a  t r e e  i s  th e  

h e ig h t  o f  i t s  p r in c i p a l  s u b t r e e .  The s iz e  o f  a  t r e e  i s  t h e  number o f  

nodes in  th e  t r e e .

To a llo w  s h o r te n in g  t h e  s ta te m e n t o f  a lg o rith m s  by ta k in g  advan tage  

o f  symmetry, some e q u iv a le n c e s  a re  d e f in e d  f o r  node p  i n  term s c f

l i n k : l i n k ( p , - l )  = l e f t ( p )  , l i h k ( p ,0 ) = up (p ) , and

l i n k ( p ,+ l )  = r ig h t  (p) . I f  t  i s  a  head er th e n  o n ly

l i n k ( t , 0 )  = u p ( t)  i s  d e f in e d .  Note t h a t  f o r  node p  , i f  th e  a b s o lu te

v a lu e  a b s (c )  = 1 and l i n k ( p ,c )  £  n u l l  th e n  s i d e ( l i n k ( p ,c ) )  = c . 

F u r th e r ,  l in k ( u p ( p ) , s id e ( p ) )  -  p  , i l l u s t r a t i n g  th e  redundancy o f  th e  

f i e l d s  up and s id e .  The s id e  o f  a  h ead e r i s  u n d e f in e d .

The ( i n t e r n a l  unw eigh ted) p a th  le n g th  i s  th e  number o f  a n c e s to rs  

o f  each  node, summed over a l l  nodes in  th e  t r e e .

I f  t  i s  a  ( s u b ) t r e e  each  o f  whose nodes h as  tw o s u b tre e s  o f  th e  

same s i z e ,  th e n  t  i s  a  p e r f e c t  ( s u b ) t r e e , and s i z e ( t ) + l  i s  a power 

o f  2 ,  i . e . ,  s i z e ( t )  = 2 t h ( t ) - l  .

The d is ta n c e  t o  n u l l  i s  a  r e c u r s iv e ly  d e f in e d  a t t r i b u t e  d i s t  

o f  a  t r e e  o r s u b tre e  t  . I f  t  i s  an empty s u b tre e  th e n  d i s t ( t )  = -1  . 

I f  t  i s  a  node (non-em pty su b tre e )  th e n

d i s t ( t )  = 1 + m i n ( d i s t ( l e f t ( t ) ) , d i s t ( r i g h t ( t ) ) )  . I f  t  i s  a h eader 

( t r e e )  th e n  d i s t ( t )  = 1 + d i s t ( u p ( t ) )  . For exam ple, d i s t  o f  an

empty t r e e  i s  0 ,  d i s t  o f  a  s u b tre e  o f  s iz e  1  o r  2 i s  0 , and

d i s t  o f  a  s u b tre e  o f  s iz e  3 i s  e i t h e r  0 o r  1  .

I f  t  i s  a  s u b tre e  w hich  i s  empty o r  w hich s a t i s f i e s  

h ( t )  - d i s t ( t )  < 1 th e n  t  i s  a  com plete s u b tr e e ,  o r  minimum p a th  

le n g th  s u b t r e e . I f  t  i s  a  t r e e  whose p r in c i p a l  s u b tr e e  i s  com plete 

th e n  t  i s  a  com plete t r e e ,  o r  minimum p a th  le n g th  t r e e .

I f  two ( s u b ) t r e e s  t i  and t 2  can be e x a c t ly  superim posed  on 

one a n o th e r  (d is re g a rd in g  node c o n te n ts ) ,  a f t e r  s u i t a b l e  nodes o f  t l  

have had  t h e i r  su b tre e s  in te rc h a n g e d  l e f t  f o r  r i g h t ,  th e n  t l  i s  

homeomorphic t o  t 2  . Homeomorphism i s  an e q u iv a le n c e  r e l a t i o n .

A p e r f e c t  ( s u b ) tr e e  i s  homeomorphic on ly  t o  i t s e l f .

3
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A ( s u b ) tr e e  w hich h as  no non-empty r i g h t  ( l e f t )  su b tre e  i s  

r i g h t - ( l e f t - ) d e g e n e ra te . I f  every  node o f  a  ( s u b ) t r e e  has an  empty 

s u b tr e e  th e n  th e  ( s u b ) t r e e  i s  d e g e n e ra te . .

To say  f (n )  = 0 (g (n ) )  , re a d  " f  o f  n i s  o rd e r  o f  g o f  n , "

means t h a t  th e r e  a re  p o s i t i v e  c o n s ta n ts  c l  and c 2 such t h a t  th e

r e l a t i o n  |f (n )  | < c l *  |g (n ) | ho ld s  f o r  a l l  n > c2 . "To say  t h a t  an

a lg o rith m  i s  0 ( f ( n ) )  means t h a t  th e  number o f  s te p s  re q u ire d  to  

e x e c u te  i t  i s  0 ( f ( n ) )  ,  and each o f  th e s e  s te p s  ta k e s  0 (1) 'u n its  o f  

t im e  t o  com plete on a  c o n v e n tio n a l com puter; th u s ,  th e  t o t a l  tim e  

r e q u ir e d  i s  0 ( f ( n ) )  u n i t s .

0 .1  L in ea r  L i s t s  and B alanced  T rees

The fo llo w in g  a re  TERMS APPLYING TO BALANCED TREE REPRESENTATION 

OF LINEAR LISTS.

A l i n e a r  l i s t  i s  a  f i n i t e  s e t  o f k > 0 item s a rran g ed  in  such  a  

way t h a t  i t  i s  p o s s ib le  t o  i d e n t i f y  and a c c e ss  u n iq u e ly  th e  i - t h  item  

f o r  1 < i  < k . Examples a r e :  a  v e c to r ,  a  o n e-d im en sio n a l a r r a y ,

a  s t r i n g  o f  c h a ra c te r s ,  a  LISP l i s t  ( ig n o r in g  th e  p re se n c e  o f  s t r u c t u r e  

i n  any non-atom ic l i s t  e le m e n ts ) . An o rd e re d  l i n e a r  l i s t  i s  a  l i n e a r  

l i s t  in  which each item  i s  a s s o c ia te d  w ith  a  v a lu e  c a l l e d  i t s  key , and 

th e  item s a re  a rra n g e d  i n  s t r i c t l y  in c re a s in g  o rd e r  o f  t h e i r  k ey s .

(We r e q u ir e  a l l  keys t o  b e  d i s t i n c t ,  in  o rd e r  to  s im p lify  d is c u s s io n  o f

t h e  a lg o r i th m s .)  In  th e  s e q u e l, " l in e a r  l i s t "  and "o rd e red  l i n e a r  l i s t "  

w i l l  be a b b re v ia te d  " l i s t "  and "o rd e red  l i s t " ,  r e s p e c t iv e ly .

The symmetric o rd e r  o f  nodes in  a  s u b tr e e  s i s  th e  o rd e r  i n  w hich 

th e  nodes a re  v i s i t e d  in  p o s t  o rd e r  t r a v e r s a l ,  d e s c r ib e d  r e c u r s iv e ly :  

i f  s = n u l l  th e n  do n o th in g ; o th e rw ise  t r a v e r s e  le ffc (s)  , v i s i t  s ,

and t r a v e r s e  r i g h t ( s )  . The f i r s t  node th u s  v i s i t e d  i s  c a l le d  t h e

le f tm o s t  and th e  l a s t  node v i s i t e d  i s  c a l l e d  th e  r ig h tm o s t. The 

sym m etric o rd e r  o f  a  t r e e  t  o f  s iz e  k  i s  c i r c u l a r :

1 s t , 2 n d , . . . * t t h , l s t , . . .  ,  e t c .  The su c c e s so r  o f  node p  in  t r e e  t  , 

d en o ted  p$ , i s  th e  n e x t node o r h eader in  sym m etric o rd e r ; th e  

p re d e c e s s o r , $p , i s  th e  p re v io u s  node o r  h e a d e r . I f  t r e e  t  i s  

empty th e n  s u c c e s s o r ( t )  = p re d e c e s s o r ( t )  = t  . The c e s s o r  r e l a t i o n s h ip

h
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i s  d e f in e d  by th e  e q u iv a le n c e s  c e s s o r ( p , - l )  = $p and 

c e s s o r ( p ,+ l )  = p$ . The ex tended  c e s so r  r e l a t i o n s h ip  a llo w s

e q u iv a le n c e s  such as c e s s o r ( p ,0 ) = p , c e s s o r ( p , - 2 ) = $%> , e t c .

To in s e r t  an item  p  in  a  l i n e a r  l i s t  a f t e r  p o s i t io :  i  ,

0 < i  < k ,  i s  t o  in c re a s e  by  1 th e  o rd in a l  numbers o f  th e  ( i + l ) - s t  

th ro u g h  k - th  item s and t o  make p  th e  ( i + l ) - s t  i te m . To d e le te  th e

i - t h  item  i s  to  remove i t  from  th e  l i s t  and d e c re a s e  by 1  th e  o r d in a l

num bers o f  item s i +1 th ro u g h  k ; th e  l i s t  i s  sh o r te n e d , and no

v acan cy  i s  in tro d u c e d . S ea rch in g  a  l i s t  t l  o f  s i z e  k l  on p o s i t io n  i

means s e t t i n g  a  p o in te r  t o  t h e  i - t h  item  u n le s s  i < l  o r  i  >  k l  , 

in  w hich ca se  th e  p o in te r  i s  s e t  t o  n u l l .  S e a rc h in g  an o rd e red  l i s t  

by  v a lu e  on key k means s e t t i n g  a  p o in te r  t o  th e  item  whose key i s  k  

and s e t t i n g  a  r e a l  v a r ia b le  t o  th e  i t e m 's  p o s i t i o n  in  th e  l i s t .  I f  no

i t e m 's  key i s  k  th e n  th e  p o in te r  i s  s e t  t o  n u l l  and th e  r e a l  v a r ia b le

i s  s e t  t o  a  f r a c t i o n a l  v a lu e  in d ic a t in g  w here t h e  item  w ould l i e ,  e . g . ,

0 .5  f o r  " b e fo re  th e  f i r s t  ite m " , o r  2 .5  f o r  " a f t e r  th e  second ite m " . 

C o n c a te n a tin g  l i s t  t l  t o  th e  l e f t  o f  l i s t  t 2 t o  p roduce  l i s t  t 3 i s  

t h e  same as  appending t 2 t o  t l  , c a l l in g  th e  r e s u l t  t ?  , and s e t t i n g  

t l  and t 2  t o  empty. I f  t l  and  t2  had k l  and  k2 item s,

r e s p e c t iv e ly ,  th e n  th e  f i r s t  ( le f tm o s t)  k l  ite m s  o f  t 3 a re  from t l

and th e  l a s t  k2 item s a re  from t 2  . S p l i t t i n g  a  l i s t  t l  o f  k l

nodes in to  l i s t s  t 2 and t 3 on p o s i t io n  i  i s  m aking t 2 th e  l i s t

composed o f  th e  f i r s t  i  item s o f  t l  , m aking t 3 t h e  l i s t  composed 

o f  t h e  l a s t  k l - i  item s o f  t l  , and s e t t i n g  t l  em pty. M erging o rd e re d  

l i s t s  t l  and t 2 t o  p ro d u ce  o rd e red  l i s t  t 3 means in te r le a v in g  th e

ite m s  o f  t l  and t 2 in  such  a way as t o  r e s u l t  in. a  s in g le  o rd e red

l i s t  t 3 ) and s e t t i n g  t l  and t 2 t o  em pty.

A l i n e a r  l i s t  o f  k  >  0 item s can be r e p re s e n te d  in  a  t r e e  t  o f

s i z e  k by p u t t in g  th e  f i r s t  item  in  th e  le f tm o s t  node t $  , th e  second 

ite m  in  t$ $  , e t c .  They key  becomes an in te g e r  o r  r e a l  f i e l d  c o n ta in in g  

t h e  key o f  th e  item  in  th e  node; k e y ( t)  i s  n e t  d e f in e d .

The key space  i s  t o t a l l y  o rd e re d . Examples o f  key spaces a r e :  

th e  n o n -n e g a tiv e  in te g e r s  l e s s  th a n  2 t l8  ; a l l  ANSI c h a ra c te r  s t r in g s  

o f  le n g th  1 th ro u g h  10 ; a l l  s h o r t - p r e c i s io n  f lo a t in g - p o in t  num bers; 

and  p a y r o l l  numbers o f  a l l  c u r r e n t  em ployees.

5
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The b a lan ce  f a c t o r  o f  a  node p i s  an in te g e r  f i e l d  b a l  whose 

v a lu e  i s  h ( l e f t ( p ) ) - h ( r i g h t ( p ) )  . I f  t  i s  a  h ead e r th e n  b a l ( t )  

i s  d e f in e d  to  be 0 .

The l e f t - s u b t r e e  s i z e  o f  node p  i s  an  in te g e r  f i e l d  l e s s ,  

c o n ta in in g  th e  number o f  nodes in  l e f t ( p )  ; l e s s ( t )  = "minus i n f i n i t y "  

f o r  h ead e r t  .

A ( s u b ) t r e e  t  i s  b a la n c e d  i f ,  f o r  ev e ry  node p  in  t  ,

|b a l (p )  | < 2 . A ( s u b ) t r e e  t  i s  w e ll-b a la n c e d  i f  i t  i s  b a lan ced  and, 

f o r  ev e ry  node p  in  t  , b a l (p )  = 0 o r  p  has  an empty s u b tr e e .

A (sub) t r e e  t  i s  p e r f e c t ly - b a la n c e d  i f  b a l (p )  = 0 f o r  every  node p  

i n  t  . I t  fo llo w s  t h a t  a  w e ll-b a la n c e d  t r e e  i s  a  com plete t r e e ,  and 

a  p e r f e c t ly -b a la n c e d  t r e e  i s  a  p e r f e c t  t r e e .  I f  b a l(p )  = -1  f o r

ev ery  n o n -te rm in a l node p  in  t r e e  t  th e n  t  i s  a  F ib o n ac c i t r e e .

T ree s  homeomorphic t o  a  F ib o n a c c i t r e e  a c h ie v e  th e  g r e a te s t  h e ig h t 

a t t a i n a b l e  by b a la n c e d  t r e e s  whose s iz e  i s  l e s s  th a n  t h a t  o f  th e  n ex t 

l a r g e r  F ib o n ac c i t r e e .  A p e r f e c t ly -b a la n c e d  t r e e  has a  s iz e  g r e a te r  

th a n  any o th e r  t r e e  o f  t h e  same h e ig h t . A d e g e n e ra te  t r e e  has a  h e ig h t 

e q u a l t o  i t s  s iz e ,  th e  h e ig h t  g r e a te r  th a n  a l l  n o n -d eg en e ra te  t r e e s  o f  

t h e  same s i z e .  A th re a d e d  t r e e  i s  a  t r e e  whose nodes a re  augmented 

w ith  two lo g i c a l  f i e l d s  I t a g  and r t a g  , u se d  a s  fo llo w s . For each 

node p  , i f  th e  l e f t  s u b tr e e  i s  empty th e n  l t a g  = t r u e  and 

l e f t ( p )  = $p i s  a  t h r e a d .  O therw ise , l t a g  = f a l s e  and l e f t ( p )  

p o in t s  t o  th e  l e f t  s u b tr e e  o f  p  as i n  an  ■unthreaded t r e e .  I f  th e  

r i g h t  s u b tre e  i s  empty th e n  r t a g  = t r u e  and r i g h t  (p) = p$ i s  a  

th r e a d .  O therw ise, r t a g  = f a l s e  and r ig h t ( p )  p o in ts  to  th e  r i g h t  

s u b tre e  o f  p . I f  t  i s  a  head er o f  a th re a d e d  t r e e  th e n  l e f t ( t )  

i s  d e f in e d  to  be t $  , and  r i g h t ( t )  i s  $ t  , making i t  v e ry  easy  t o  

lo c a te  t h e  1 - s t  and k - th  n o d e s . Threads im prove t r e e  t r a v e r s a l  speed 

by  u t i l i z i n g  o th e rw ise  empty l i n k s ,  a t  th e  expense o f  two b i t s  p e r  node

s to ra g e  and a  b i t  com parison  p e r  l e v e l  on s e a rc h .

0 .2  M athem atical A spects  o f  T rees

The fo llo w in g  a r e  TEEMS DEALING WITH TRANSFOBMATIONS ON BALANCED 

TEEES.

6
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A s e t  o f  m nodes i n  a  t r e e  t  a r e  a d ja c e n t  i f  th e  c a t t i n g  o f  

a l l  l i n k s  (a rc s )  n o t c o n n e c tin g  two o f  th e  in nodes r e s u l t s  in  a 

(co n n ec ted ) s u b tre e  c o n ta in in g  e x a c tly  th e  m n o d es .

A r o ta t io n  o f  d e g re e  m i s  a t r a n s fo rm a tio n  o f  a  t r e e  T.  ̂ i n t o  a  

t r e e  T2 s a t i s f y in g  th e  fo llo w in g  c o n d i t io n s .

1 . No nodes a r e  added t o  o r  d e le te d  from  •

2 . There i s  a  node, c a l l e d  th e  fo u n d e r , whose p a r e n t ,  i f  th e  

founder i s  n o t th e  h e a d e r, does n o t change in  th e  t r a n s f o r ­

m a tio n . The fo u n d e r has a  s u b tr e e  S w hich i s  th e  s m a lle s t  

s u b tre e  c o n ta in in g  th e  s e t  M o f  m a d ja c e n t nodes c a l l e d  

th e  p a r t i c i p a n t s . S u b tree  S becomes s u b tre e  S ' as a  r e s u l t  

o f  th e  t r a n s fo rm a t io n .

3 . N e ith e r  s u b tr e e  o f  any node o f  S may change in  th e  t r a n s f o r ­

m ation  u n le s s  t h e  node i s  a  p a r t i c i p a n t ;  th e  change in  any 

s u b tre e  o f  a  p a r t i c i p a n t  i s  l im i te d  t o  th e  upward l i n k  o f  t h e

' ro o t  o f  th e  s u b tr e e ,  u n le s s  t h e  s u b tr e e  i t s e l f  c o n ta in s  nodes 

o f  M . The s i b l i n g  s u b tre e  o f  S , R , does no t change.

U. The sym m etric t r a v e r s a l  o rd e r (p o s to rd e r )  o f  S ’ i s  th e  same

as t h a t  o f  S .

A r o t a t i o n  o f  d e g re e  m i s  o f  s t r i c t  d eg ree  m i f  each o f  t h e  m 

a d ja c e n t nodes has i t s  p a r e n t  and one o r  b o th  o f  i t s  s u b tre e s  changed .

The o n ly  r o t a t i o n  o f  d eg ree  1 i s  th e  i d e n t i t y  r o t a t i o n .  S in ce  

o n ly  th e  s u b tre e s  o f  one node may change, th e  o n ly  p o s s i b i l i t y  i s  t o  

in te rc h a n g e  them ; t h i s  in te rc h a n g e  p re s e rv e s  sym m etric o rd e r  o n ly  i f  b o th  

dow n-links a re  n u l l .  T here  i s  no r o ta t io n  o f  s t r i c t  degree  1 . The 

i d e n t i t y  r o ta t io n  does n o t  in v o lv e  th e  change o f  any p a re n ts ,  v io l a t i n g  

th e  d e f in i t i o n  o f  s t r i c t  o r d e r .

The ro o t  r  o f  S in  a  r o ta t io n  b e lo n g s  t o  M . Suppose r  does 

n o t be long  t o  M . Then e i t h e r  M i s  d iv id e d  betw een th e  l e f t  and r i g h t  

s u b tr e e s  o f  r  o r  M i s  e n t i r e l y  c o n ta in e d  i n  one o f  th e  s u b tre e s  o f  r  

The form er c o n t r a d ic t s  a d ja c e n c y  of M and th e  l a t t e r  c o n t r a d ic t s  th e  

re q u ire m en t t h a t  S i s  t h e  s m a lle s t  s u b tre e  c o n ta in in g  M .

7
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Two t r e e s  T and S o f  s iz e  n a r e  n e ig h b o rs  (1 - n e ig h b o rs ) 

i f  a  s in g le  r o ta t io n  o f  d eg ree  2 s u f f ic e s  t o  tra n s fo rm  one in to  th e  

o th e r .  T rees T and S a re  k -n e ig h b o rs  i f  th e  minimum number o f  

deg ree  2 r o ta t io n s  r e q u ir e d  t o  tra n s fo rm  one in t o  th e  o th e r  i s  

e x a c t ly  k .

ARE YOU STILL THERE?

0 .3  P r i o r i t y  Queues and  T rees

The fo llo w in g  a re  TERMS APPLYING TO TREE REPRESENTATION OF E •. j_uRITY 

QUEUES.

A p r i o r i t y  queue i s  a  f i n i t e  s e t  o f  k  > 0 item s a w a itin g  s e r v ic e ,  

each  o f  which i s  a s s o c ia te d  w ith  a  d i s t i n c t  v a lu e  c a l le d  i t s  p r i o r i t y . 

Item s a re  se rv ed  (removed from th e  p r i o r i t y  queue) in  o rd e r  o f  p re c jd e n c e  

low va lu es  o f  p r i o r i t y  a re  se rv ed  e a r ly  and h ig h  v a lu es  l a t e . The o rd e r  

in  w hich th e  item s a re  enqueued i s  i r r e l e v a n t ,  u n le s s  th e  item  o f  

e a r l i e s t  p r i o r i t y  need be a c c e s s ib le .  Thus, a  p r i o r i t y  queue obeys a  

"b e s t - i n - f i r s t - o u t 11 d i s c i p l i n e .  I f  item s a r e  enqueued in  o rd e r  o f  

s t r i c t l y  in c re a s in g  p r i o r i t y  v a lu e  th e n  th e  p r i o r i t y  queue behave:' 

e x a c t ly  as a  queue ( f i r s t - i n - f i r s t - o u t ) ; th e  r e v e r s e  o rd e r r e s u l t s  in  

s ta c k  b eh av io r ( l a s t - i n - f i r s t - o u t ) .

The d is ta n c e  o f  a  h ead e r (node) i s  an  in t e g e r  f i e l d  d i s t  whose

v a lu e  i s  th e  d is ta n c e  t o  n u l l  o f  th e  h ead e r (n o d e ) .

The p r i o r i t y  queue b a la n c e  f a c to r  i s  an in t e g e r  f i e l d  b a lp  w hich 

in d ic a te s  th e  p a th  t o  th e  n e a re s t  empty s u b t r e e .  I f  t  i s  a  h ead e r 

th e n  b a lp ( t )  = 0 , s in c e  e i t h e r  u p ( t)  i s  n u l l  o r  u p ( t)  i s  p a r t  o f  

t h e  p a th  to  th e  n e a r e s t  n u l l  l i n k .  I f  p  i s  a  node w ith  an empty

s u b tre e  ( d i s t ( p )  = 0 ) , th e n  b a lp (p )  i s  -1  o r  +1 , m eaning t h a t

l e f t ( p )  = n u l l  o r  r ig h t ( p )  = n u l l  , r e s p e c t iv e ly .  I f  p  has no empty 

s u b tre e  th e n  b a lp (p )  i s  -1  o r  +1 , depend ing  on w hether le ffc (p ) 

o r  r ig h t (p )  i s  n e a re r  t o  an  empty s u b tr e e ;  s p e c i f i c a l l y ,  

d i s t ( l i n k ( p ,b a lp ( p ) ) )  = d i s t ( p ) - l  . I f  b o th  p ' s  s u b tre e s  a re  empty 

o r  d i s t ( l e f t ( p ) )  = d i s t ( r i g h t ( p ) )  th e n  b a lp (p )  may be e i t h e r  +1 

o r  -1  , a r b i t r a r i l y .

8
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The p r i o r i t y  o f  a  node i s  in te g e r  o r r e a l  f i e l d  p r io  , w hich c o n ta in s  

th e  p r i o r i t y  v a lu e  o f  th e  item  in  th e  node. I f  t  i s  a  head er th e n  

p r i o ( t )  i s  "minus i n f i n i t y " .

L et t  be a  t r e e  w ith  a  d i s t i n c t  v a lu e  o f  p r io  in  each node. 

F u r th e r ,  fo r  every  p a i r  o f  nodes p and q in  t  assume t h a t  i f  p 

i s  an a n c e s to r  o f  q th e n  p r io (p )  < p r io (q )  . Then t  i s  p a r t i a l l y -  

o rd e red  on p r io ,  and t  s a t i s f i e s  th e  t r e e  p a r t i a l - o r d e r  c r i t e r i o n . 

(E q u a lity  i s  n o t ach iev ed  s in c e  we a re  assum ing d i s t i n c t  p r i o r i t i e s . )

A p r i o r i t y  queue o f  k  >  0 item s can be re p re s e n te d  in  a  t r e e  t  

o f  s iz e  k by p u t t in g  th e  item s in to  th e  nodes o f  t  , one item  p e r  

node, in  such a  way t h a t  t  s a t i s f i e s  th e  t r e e  p a r t i a l - o r d e r  c r i t e r i o n .  

Thus, i f  k > 0 , th e  p r in c i p a l  ro o t  o f  t  c o n ta in s  th e  item  w ith  th e  

e a r l i e s t  p r i o r i t y  ( s m a lle s t  p r io  v a lu e ) .

To remove any item  from a  p r i o r i t y  queue i s  t o  pu rge t h a t  item  

from th e  queue. Removing th e  item  o f  e a r l i e s t  p r i o r i t y  i s  s e rv in g  t h a t  

item , and i s  s e rv ic in g  th e  queue. Enqueuing an item  i s  p la c in g  i t  in  

a  p r i o r i t y  queue t o  aw ait s e rv ic e  acco rd in g  t o  i t s  p r i o r i t y .  M erging 

p r i o r i t y  queues q l  and q2 t o  form q3 i s  com bining th e  item s in to  

a  s in g le  v a l id  p r i o r i t y  queue q3 .

Thank you f o r  your a t t e n t i o n .

9
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C h ap te r One 

LINEAR LISTS

1 .1  In tro d u c t io n

(At t h i s  p o in t ,  p le a s e  r e a d  S e c tio n s  0 .0  and 0 .1  o f  th e  C o n te x tu a l 

G lo ssa ry  i f  you have n o t a l re a d y  done so .)  A l i n e a r  l i s t  i s  an a b s t r a c t  

e n t i t y  which i s  c o n s id e re d  t o  c o n ta in  item s o f  in fo rm a tio n  a rran g ed  in  

s e p a ra te  s e q u e n t ia l  p o s i t io n s  so t h a t  one may speak  o f  th e  f i r s t ,  i - t h ,  

o r  l a s t  item  w ith o u t a m b ig u ity . The te rm  " l in e a r "  means t h a t  th e  item s 

a r e  presumed t o  be a to m ic , o r  i n d i v i s ib l e .  Thus, any phenomena in tro d u c e d  

by n e s te d  l i s t s  ( ite m s  which a r e  them selves  l i s t s )  o r  r e c u r s iv e  l i s t s  

( l i s t s  which a re  n e s te d  w i th in  them se lv es) a re  a t  t h e  same tim e  p e rm itte d  

and w ith o u t consequence to  l i n e a r  l i s t  o p e ra t io n s ,  w hich ig n o re  l i s t  

s u b s t r u c tu r e .  An example o f  a  l i s t  m ight be one c a l l e d  " jo u rn a l" ,  g iv in g  

a  h o u se w ife 's  a c t i v i t i e s  f o r  th e  day.

jo u rn a l :  (w ashing, co o k d in n e r, g ro ce ry , c a l lm o th e r)

The l i s t  has fo u r  ite m s , b u t any o f  th o se  item s in  f a c t  may d e s ig n a te  

o th e r  l i s t s  o f  a c t i v i t i e s .

An o rd e red  l i n e a r  l i s t  i s  a  l i n e a r  l i s t  each  o f  whose item s has an 

a t t r i b u t e  c a l le d  th e  key ; th e  item s a re  p o s i t io n e d  in  t h e  l i s t  in  o rd e r  

o f  ascen d in g  keys, and no tw o item s have th e  same key . F or exam ple, th e  

fo llo w in g  l i s t  o f  6 ite m s , o rd e re d  on p e rc e n ta g e , g iv e s  t h e  r e s u l t  o f  

th e  1912 U .S . p r e s i d e n t i a l  e l e c t i o n :

ch o ice : (1+1.85$ -W ilso n , 27 • ̂ 2$ -  R o o sev e lt, 2 3 .1 5 $ - T a f t ,

5 .99#  -D eb s , 1 .3 9 $ -C h a f f in ,  0 . 1 9 $ - Riem er)

The concep t o f  l i n e a r  l i s t  i s  such a  sim ple and w id e ly  a p p l ie d  scheme o f  

a r ra n g in g  in fo rm a tio n  t h a t  i t  i s  d i f f i c u l t  t o  say  a n y th in g  v e ry  s c h o la r ly  

abou t i t .  As anyone who h a s  b een  asked  about h i s  d r iv in g  re c o rd  by a 

t r a f f i c  judge can  v e r i f y ,  even an empty l i s t  can have m eaning . I t  i s  

n o n e th e le s s  u s e f u l  t<"> l i s t  t h e  more common l i n e a r  l i s t  o p e ra t io n s .
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